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Trigonometry

Trigonometric Functions

T1. sinx + cos’z =1
T2. tan®x + 1 = sec® x
T3. cot?’r +1=csc’x
T4. sin(z £ y) = sinx cosy £ cosz siny
T5. cos(x £ y) = cosx cosy Fsinz siny
T6. tan(z £ y) = %
T7. sin(2z) = 2sinz cosx
TS. cos(2x) = cos? x — sin® x
T9. sin? x = 1/5(1 — cos(2))

T10. cos? = /(1 + cos(2z))

T11. sinz siny = 1/z(cos(z — y) — cos(z + y))



T12.

T13.

T14.

T15.

T16.

T17.

T18.

T19.

T20.

T21.

T22.

T23.

T24.

T25.

T26.

T27.

cosz cosy = Lfp(cos(x — y) + cos(z + y))
sinz cosy = La(sin(z — y) + sin(z + y))

1 cos(wt) + cosin(wt) = /2 + ¢ sin(wt + ¢),

where ¢ = 2 arctan

C1
c2+ /2 +c3

Hyperbolic Functions

et +e "
coshe = ———

sinhx =
cosh? z — sinh®z =1
tanh? 2 + sech? z = 1
coth?z — csch?z = 1
sinh(z £+ y) = sinhz coshy + coshx sinhy

cosh(z £+ y) = coshz coshy + sinhz sinhy

tanh z + tanhy
1+ tanhz tanhy

tanh(z £ y) =
sinh(2z) = 2sinhx coshz
cosh(2z) = cosh? z + sinh? z
sinhz sinhy = 1/5(cosh(z + y) — cosh(z — y))
coshz coshy = 1/>(cosh(z + y) + cosh(z — y))

sinhz coshy = 1/2(sinh(z + y) + sinh(z — y))



P1.

P2.

P3.

P4.

P5.

P6.

P7.

P8.

P9.

P10.

Power Series
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1) = f(a) + fa)e )+ T @ Dy g
Taylor Series with remainder:
Z f (x —a)" + Ryy1(x), where
( )
Ryyi(x) = % (x —a)V*! for some & between a and x



Table of Integrals

A constant of integration should be added to each formula. The letters a, b, m, and n denote constants;
u and v denote functions of an independent variable such as x.

Standard Integrals

unJrl
I1. "du = -1
/u U penEl n #
I2. du _ In |ul
13. /e“ du = e"
u
I4. /a“du:a—, a>0
Ina
I5. /cosudu =sinu
I6. /sinudu = —cosu
17. /sec2 udu = tanu
18. /csc2 udu = —cotu
19. /secutanudu = secu

110. /cscucotudu = —cscu

I11. tanudu = —In | cosul
I12. /cotudu = In|sin u|
113. /secudu:ln|secu+tanu|
114. /cscudu =In|cscu — cotu|
I15. /% = éarctan (g)



116. /diu = arcsin (g)
a2 — u2 a
I17. /udvzuv—/vdu

Integrals involving au + b

, (au + b)nt1
118. b)"duy = ———— -1
8 /(au+) U e n #
d
119. / “ 1n|au + b
au + b a
d b
120. / “a :E——ln|au+b|
au+b a a2
udu b
121. 1 b
/ (au—i—b)2 (au+b) njau + 5]
du 1 U
122. — = —-In|——
/u(au—l—b) bnau—l—b‘
2(3au — 2b
123. /U\/au+bdu: %(aqub)?’/2
udu 2(au — 2b)
124. = vau—+b
vau-+b 3a?
125. / Vau+bdu = 105 3 (8b* — 12abu + 15a*u?) (au + b)3/2
u? du 2
126. — = _ (8b% — dabu + 3a*u?) Vau + b
Vau+b  15a3 ( )
Integrals involving u? + a?
du 1 uU—a
127. —— =1
/ 2—a2 22 u +a
udu 9, 9
128 /uQia2:1/21n|“ +a’|
u? du a. lu—a
129. =u+ -1
/ u? —a? 2 M +a
w2
130. / 5 du2 = aarctan(u)
u“ +a a



u2

u? £+ a?

du 1
131. _——=4+—1
/u(u2 +a?) 22
Integrals involving vu? & a2

udu
132. —— = y/u?2+a?
vu? +a?

133. /ux/ u2 +a?2du = % (u2 + a2)3/2

134.

du
_ )2 2
/ uQia27ln‘u+ u+a ‘

u? du u a?
=T /2 2 & S 2 2
135. =7 2 u?® +a® F > ln‘qu u®ta ‘

1
=—In

136 / _du
' W ta a

U
a+vVu? +a?

137 /diu = 1arcsec (E)
' wu? —a?  a a

/ du B vu?2 £ a?
uQ\/UQiaQ_$ a’u

2
139. /\/u2ia2du:g u2ia2i%ln‘u+\/u2ia2‘

138.

2 4
140. /uQ\/UQianu = % (uQia2)3/2$ %\/tﬂicﬂ — %m‘u—i— \/uQiaQ‘

2 2 2 2
4 /Lﬂtdu:,fzﬂg_amﬁi Vu®ta
u u

)
142. / V7T ju=v/u? — a? — aarcsec (E)
u a

/Qi 2 /Qi 2
143. /Lﬂdu:—u—i—ln‘u—l— \/u2ia2‘
U u

Integrals involving v/a? — u?2

2
144. / Va2 —u2du= g a? —u? + % arcsin (E)
a

udu
145. T — a2 — 2
/a2 — u2

6



146. /uw/a2—u2du:—%(a2—u2)3/2

2 _ 2 2 _ 2
7. /L“du: 2 — gl | A VOE
u u
du 1 a4+ Va2 — u?
148. _ = ——In|———
uva? — u? a U

2 4

149. /uQ\/a2 —u2du = 7% (a2 - u2)3/2 + au a? —u? + % arcsin (E)
a

8

Va2 —u? Va2 — u? .
150. ——5—du=———— — arcsin (—)
u u a
2 d 2
I51. \/% = g a? —u? + % arcsin (g)
I52 du B a? — u?
' wVaZ —u? a’u
Integrals involving trigonometric functions
) u  sin(2au)
153. 2 dy = — — 22227
/sm (au) du 5 i
in(2
154. /COS2(CLU) du= =+ w
a

a

1 (@ _ coS(aU)>

155. / sin®

(aw) du =
cos®(au) du = - (sm<au> . y)

156.
I57. /sinQ(au) cos? (au) du = v L sin(4au)
8 32a
) 1
158. tan®(au) du = - tan(au) — u
) 1
159. cot®(au) du = - cot(au) — u
X 1 1
160. sec”(au) du = % sec(au) tan(au) + % In | sec(au) + tan(au) |
. 1 1
I61. csc” (au) du = ~5a csc(au) cot(au) + 5 In | csc(au) — cot(au) |
a a
: 1.
I62. /usm(au) du = — (sin(au) — au cos(au))
a



1
163. /u cos(au) du = = (cos(au) + ausin(au))

164. /u2 sin(au) du = a13 (2ausin(au) — (a*u® — 2) cos(au))
165. /u2 cos(au) a13 (2au cos(au) + (a?u? — 2 ) sin(au))
166. /sm sin(bu) du = Si;((;l : Il))))u — si;((zi(l))))u’ a® # b?
167. /cos cos(bu) du = si;((z—:))u + Si;((er_:))u, a® £ b?
168. /sm cos(bu) du = —CO;((Z_:))U — CO;((ZIS))U, a® #v?
169. /sin” udu = f% sin" ! ucosu + — ; ! /sin"_2 udu

Integrals involving hyperbolic functions

1
170. /sinh(au) du = - cosh(au)
. 9 1 .
I71. sinh®(au) du = o sinh(2au) — =
a
1 .
I72. /cosh(au) du = — sinh(au)
a
173 /coshQ(au) du= =+ L sinh(2au)
' 2 da
) cosh ((a +b)u) = cosh((a—"0b)u)
174. h h(bu) du =
/sm (au) cosh(bu) du 3t D) =)
. 1
175. /smh(au) cosh(au) du = o cosh(2au)
a
176. /tanhudu = In(coshu)
177. /sechu du = arctan(sinh u) = 2 arctan (e")

Integrals involving exponential functions

au eau
178. /ue du = ?(au -1



179.

180.

I181.

182.

183.

184.

185.

186.

187.

188.

189.

190.

au

a3

/uQe““ du = e—, (a2u2 — 2au + 2)

/u”ea” du = !
a

/ea” sin(bu) du =

/ea” cos(bu) du =

n n— 2
_uneau__/un 1eaudu

a
eau .

poa—E (asin(bu) — bcos(bu))

pra—E (a cos(bu) + bsin(bu))

a

Integrals involving inverse trigonometric functions

/arcsin (E) du = u arcsin (E) +Va?—u?
a a
/arccos (E) du = u arccos (E) — Va2 —u?
a a
/arctan (E) du = uarctan (E) ¢ In (a2 + u2)
a a 2

Integrals involving inverse hyperbolic functions

/arcsinh (E) du = warcsinh (E) —Vu? +a?
a a

/arccosh (E) du = warccosh (E) —Vu2—a? arccosh (E) > 0;
a a a

=y arccosh (E) +Vu?2 —a? arccosh (E) < 0.
a a

/arctanh (E) du = warctanh (E) + gln (a2 — u2)
a a

Integrals involving logarithm functions

/lnudu =u(lnu —1)

| 1
/u”lnuduu”“[ nu n#—1

n+1 (n+1)2)



Wallis’ Formulas

" e —1)(m—3)...(20r1
I9l. / sinm:cd:c:/ cos™ xdx = (m—1)(m—3)...(20r )k,
0 0 m(m —2)...(3or2)

where k = 1 if m is odd and k = /2 if m is even.

—1)(m—=3)...(20r1)(n—1)(n—3)...(20r1) i

/2 (
192. sin™ x cos" x dx =
A (m+n)im+n—2)...(20r1)

where k = 7/2 if both m and n are even and k = 1 otherwise.

Gamma Function

I(z) = AOO t* e tdt, x>0
P(z+1) =2al(x)
NUBSRNG

I'(n+1) =nl, if n is a non-negative integer

Fourier Series

[e.e]
nwr
:?0 nz_:l(ancos + by, sin —— 7 )
where
1k
a =7 f(z)dx,
-L
L
an, = l/ f(x)cos@d:v,
LJj_g
1 L
by, = —/ f(:c)sm@da:
L),
Z en enmra:/L
where

1t :
¢n = 57 /_L fx)e "=/ L gy,
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Bessel Functions

v = arbitrary real number; n = integer

1. Definition.
22y + zy + ()\2332 — 1/2)y = (0 has solutions

y=v,\) = a1 Ju(Az) + 2, (Ax), (v #n),

where
et (_1)m tu+2m
J”(t) - Z v+2m | T 1)’
= m!T(v+m+1)

2. General Properties.

Jon(t) = (=1)"Jn(t);  Jo(0)=1; Jn(0) =0, (n>1)
3. Identities.
d
— [t T, ()] = t" J,_1(t).
() LB ] = T ()
) LR = e d(t) = —i(0)
dt v - v+1 3 dt 0 - 1 .
(c)
d
%Ju(t) =12 (Ju—1(t) — Jo41(2))
v
- vfl(t) - ?JV(t)
v
= ?Ju(t) — Jug1(t)
(d) Recurrence Relation.
2v
Jvp1(t) = —Ju(t) = Ju-1(t)
4. Orthogonality.
Solutions vy, (Aox), Yo (A1), ..., yu(Anax),... of the differential system
22y’ + xy’ + (V2?2 — 1)y =0, 11 <z < 29
(Azg) — b a4 (Az) =0 k=1,2
AR Yy \(ATE k dxyl/ X — Y, — 4

T=Tk

have the orthogonality property:

1
and

T2
/ Y2 (Ama) do =

1

11

/I2 Yy (An2)yy (Amz) dz = 0, (m #n)



d 21"
m [()‘gan - VQ) yg()‘mx) + 2? (E?JV ()‘mm)) ‘| ) (m = n) .
5. Integrals.
(a) / P 1 (8 dt = 70, () + C
(b) / Yy er (8 dt = =V (1) + C
(C) /tJo(t) dt = tJl (t) + C
(d) / t3Jo(t) dt = (3 — 4t)J1 (t) + 262 Jo(t) + C
(e) /tQJl(t) dt = 2tJ,(t) — > Jo(t) + C
(f) / BVt dt = (485 — 168)1(t) — (#* — 812)Jo(t) + C
Zeros and Associated Values of Bessel Functions
« j(),a Jé(jO,a) jl,a J{(jl,a)
1 2.40483 -0.519147 3.83170 -0.402760
2 5.52008 0.340265 7.01559 0.300116
3 8.65373 -0.271452 10.1735 -0.249705
4 11.7915 0.232460 13.3237 0.218359
5 14.9309 -0.206546 16.4706 -0.196465
6 18.0711 0.187729 19.6159 0.180063
7 21.2116 -0.173266 22.7601 -0.167185
8 24.3525 0.161702 25.9037 0.156725
9 27.4935 -0.152181 29.0468 -0.148011
10 30.6346 0.144166 32.1897 0.140606
11 33.7758 -0.137297 35.3323 -0.134211
12 36.9171 0.131325 38.4748 0.128617
13 40.0584 -0.126069 41.6171 -0.123668
14 43.1998 0.121399 44.7593 0.119250
15 46.3412 -0.117211 47.9015 -0.115274
16 49.4826 0.113429 51.0435 0.111670
17 52.6241 -0.109991 54.1856 -0.108385
18 55.7655 0.106848 57.3275 0.105374
19 58.9070 -0.103960 60.4695 -0.102601
20 62.0485 0.101293 63.6114 0.100035

on —1 <x <1 where

P,(z) =

Legendre Polynomials

Pn(x)v

k

(1 —2%)y” — 22y’ + n(n + 1)y = 0 has bounded solutions

n=0,1,2,...,

(2n — 2k)!

N
(-1)
kz:;) 27 k! (n

12

)l (n— 2k) "

n

—2k




where

N:E, n even or N = , nodd
2 2

P()(,CL') =1

Pi(z)=x
Py(z) = /(327 — 1)
Py(x) = 1/o(52° — 3x)

P4(I) Zl

(352 — 302 + 3)

oo

1
Ps(z) = g(63x5 — 702% 4 157)

5. Py(z) = 2"71!%@ -1) Rodrigues’ Formula
2n+1 n
6 Pn+1( ): n+1$Pn($)—n—HPn_1($)7 nZl

13



Table of Laplace Transforms

ft)=L7H{F(s)} (1)

F(s) = L{f()} (s)

L1. ft) F(s) = [O e SF(t) dt
L2. 1, H(t), U(t) %

3. Ut — a) e_:

L4. " (n=1,2,3,...) 57%

L5. t° (a>—1) r(;:lu

L6. e - i -

L7, sin 1) T

L8. cos(wt) T

L9. f'(t) sF(s) = f(0)
L10. f() s*F(s) = s£(0) — f'(0)
L11. t"f(t) (n=1,2,3,...) (=1)"FM)(s)
L12. e f(t) F(s—a)

L13. e"LTH{F(s+a)} F(s)

L14. f(t+P) = f(t) w
L15. FOU(t — a) e UL{f(t+a)}
L16. ft—a)U(t —a) e F ()

L17. Ot £(2)dz r 28)

L18. /t f(2)g(t - z)dz F(s)G(s)

14




Table of Laplace Transforms

ft)=LTH{F(s)} (1)

L19. @ / F(z)dz
1 1
L.20. = (e" —1)
a s(s—a)
n at _ nt
L21. t"e"™, n=1,2,3,... (S*(L)n+1
at _ bt
122, S 1
a—>b (s —a)(s—b)
at _ p,bt
L.23. " be -
a—b (s —a)(s—b)
' w
L24. sinh(wt) 52 _ o2
L25. cosh(wt) 52 - 2
2 3
L26. sin(wt) — wt cos(wt) 7(52 J:uwg)g
) 2ws
L27. tsin(wt) (2 +w2)?
2 .2
L28. sin(wt) + wt cos(wt) ﬁ
199, bsin(at) — asin(bt) 1
ab(b? — a?) (s* +a?)(s* + %)
L30. cos(at) — cos(bt) s
b2 _ a2 (82 + a?)(s% + b?)
. b 2
L3l a blIl((LtQ) b;m(bt) s
a?—b (s2 4+ a?)(s% +b?)
—bt - w
L32. e sin(wt) GG+b)2+w?
iy s+b
L33. e~ cos(wt) [CE
2
w
L34. 1 — cos(wt) 5(s2 +o?)
3
. w
L35. wt — sin(wt) (2 +o?)
L36. o(t—a) e 5 a>0, s>0
L37. o0(t—a)f(t) fla)e™*¢ a>0, s>0




